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Abstract 

It is shown that a new class of classical multicomponent super 
KdV equations is bi-superHamiltonian by extending the method for 
the verification of graded Jacobi identity. The multicomponent exten- 
sion of super mKdV equations is obtained by using the super Miura 
transformation. 

1 Introduction 

The theories of infinite dimensional super integrable systems have drawn a 
lot of attention in the last two decades, for example, see The research 

on the classical multicomponent integrable systems has also become quite ac- 
tive more recently || f|, |, ||, |7], §, |J. In this work we construct an extension 
of classical multicomponent Korteweg de Vries (KdV) system to multicom- 
ponent superintegrable systems by employing a bi-superHamiltonian formal- 
ism. Such systems are called super because they contain both bosonic and 
fermionic fields. However there is no a supersymmetry transformation be- 
tween the fields as it is known from the case of 1-component super KdV equa- 
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tions ||10|,|[Ll]|,[r^|. On the other hand there also exist supersymmetric exten- 
sions of KdV equation, namely there exist supersymmetry transformations 



but this bi-superHamiltonian systems have a nonlocal nature |[L3|,|I3}|,||15|. 

We first introduce skew symmetric super Hamiltonian operators. It is 
shown that they satisfy the graded Jacobi identity by using the method of 



prolongation |12|],[16|. The set of multicomponent super integrable partial 



differential equations are derived by introducing associated super Hamilto- 
nians. Furthermore introducing super Miura transformation, a multicompo- 
nent super extension modified Korteweg de Vries (mKdV) system is obtained. 
The paper is organized as follows. In section 2 we investigate the properties 
of super Hamiltonian operators. It is shown that the second Hamiltonian 
operator satisfies the graded Jacobi identity by means of constraint between 
the constant parameters of the system while the first one does trivially. In 
section 3 the multicomponent super evolution equations are derived from su- 
per Hamiltonians . In section 4 we obtain the multicomponent super mKdV 
equations by using multicomponent super Miura transformation. It is ob- 
served that the new systems are reduced to well known systems of one com- 
ponent super evolution equations and in the vanishing fermionic fields limit 
we get the multicomponent and one component corresponding KdV systems. 



2 The super Hamiltonian operators and Ja- 
cobi identity 

This section is devoted to study of properties of super Hamiltonian operators. 
We first consider a set of fields 4>a which contains both commuting and 
anticommuting fields such as 




where u a (x,t) is assumed a commuting (bosonic)field while £ a (x,t) is an 
anticommuting (fermionic)field in 1+1 dimensions, a = 1,2, ...,m and a = 
1,2, ...,n. A Z 2 grading is introduced such that p((j)) equals to zero if 4>a is 
commuting or one if it is anticommuting. 

The evolution equation of a continuous dynamical Hamiltonian system is 
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given by 



d t cj> A = J2 J ab^~ = J2 J abE b {H), (2) 



B ~ r>B B 



where E B is the Euler operator, 

and J is a certain differential operator and H is a suitable functional. Func- 
tionals are defined as modulo the integral of total derivative terms as 



F[4>B\dx (4) 

where is the element of the algebra of functions of x, the fields 4>a{ x ) 

and their derivatives. The operator J defines a Poisson bracket as 

{F, G} = J2 [ \JA B E B (G)]E A (F)dx (5) 

AB 

Here the ordering of the arbitrary functionals F and G becomes important 
for the graded systems. The fundamental Poisson bracket is 

{4>a(x), 4>b(x')} = JabS(x - x) (6) 

that leads to the following expression for the evolution equation |2| 

d t( f )A = { ( p A ,H}. (7) 

J is called a Hamiltonian operator if the Poisson bracket is skew-symmetric 
as 

{F,G} = -(-lfW«^{G,F} (8) 

where the grading p(F) equals to zero (one) if an arbitrary functional F is 
bosonic (fermionic) and satisfies the Jacobi identity which can be given as 
vanishing the prolongation of an evolutionary vector field, vjq, associated to 
every Hamiltonian H as follows , Jl6| , 

prvj (I) = (9) 
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where I is the graded cosymplectic functional two-vector given as 

I = \^f J AB ®B^®Adx (10) 



A,B 



here the set = {9 a , r] a } forms a basis of bosonic and fermionic uni- vectors, 
dual to the one-forms {u a , £ a } respectively. Notice that 



e,Ae B = -(-i) AB e B Ae, (11) 



and @ A @ 7^ if O is fermionic. 

We now introduce the super Hamiltonian operators 
i) First one: 



ii) Second one: 



j(i) = ( s a ,d x o j (12) 

' 5 ab ' 



\JaQ Jab 



where 

(14) 

jab = Kabdfiddx + L abd £ d>x (15) 

ja/3 = M a(3d £ d d x + N aPd ^ x (16) 

jab = Kbdl + fi a fe 7 M 7 (17) 

where u a>x = d x u a and all coefficients apart from u(x,t) and £(x,t) are con- 
stants. It is very easy to see that the operator J^ B is a Hamiltonian operator 
because it is skew-symmetric and Jacobi identity is trivially satisfied, there 
are no variable coefficients in its expression. On the other hand second oper- 
ator J A g, which is skew-symmetric, contains x and t dependent coefficients. 
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In order to show that it is a Hamiltonian operator the graded Jacobi identity 
should be satisfied. The eq. @ for the second operator becomes 

prvje(I) = l -J vrvje{jf B )Q B A B A dx = (18) 

Here Einstein sum rule is employed and it will be used from now on. Eq.(|T8"D 
can be written as 

prvj e (I) = - J [prvj e (j aP )9p A 9 a + prv je (j ab )r] b A 9 a 

prvje{j a p)9 l3 A r] a + prv je (j ab )r) b A r] a }dx = (19) 



On the other hand, in general, 

<) 

E,F,k ' 

Here k — 0,1. Furthermore, 



prvje(J^) = £ ^efVf)^^^) (20) 



By introducing 

C Q /3\ = C/3 a \ 

(22) 



C a /3X 


= Cp a \ 




= &<ba\ 


Qab\K\cd 


= ^ac\K\ b d 
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and by using eq.(^T|) in the eq. (fZU|) , we finally obtain 

prv je 

\p{@ p,xxx A dp A 9 a — 29 P)XX A 0p )XX A 9, 



2 _ 

—29 P:XX A 6^ A 9 a ^ x ) 

+C a f3xCx f r / (u 1 9^ x A 6*^ A 9 a + u ljX 9 p ^ A 9^ A 9 a 
+Au 1 9 p , x A 9/3, x A 9 a + 2u 1>x 9 p A 9 P , X A 9 a ) 
+M c p b (L aac + M aac — N aac )^ b r] a A 9p iX A 9 a , x 
—N c pb{K aac — L aac + N aac )^ biX r] a ^ x A 9p A 9 a 

+ [2C a p^K^ ba — M c j3 a (K abc — L abc + Nbac)]£,aVb,x A 9@ jX A 9 a 

+ [2C a p 1 L lba — N caa {M b f 3c — N b p c + L p bc )]^ ax rj b A 9p jX A 9 a 

+ [A ca (K abc + M bac ) - 6Q ba xbxa\Va,xx A T] b)X A 9 a 

+ [A. C a(M bac — N bac + L abc ) — 2Q ba x bxa\Va,,xxx 

A Tj b A 9 a 

+ [2Q a b\Cxal3 + -^c a p{N bac — AL abc ) 
-fLcbpMaaduprja A T] b A 9 

a,x 

+ [Qab\Cxal3 — -^cap(N bac — 2L abc )]up iX rj a A Tj b A 9 a 

+ ~tt cb x[3L Xa cl - K\ad]£,d,xVa A i]b A r) c }dx = (23) 

As it can easily be seen there is a trivial solution for eq.(^) in which all 
constant coefficients vanish. There exists a non-trivial solution as 



baxCx/3-y 


— bpxCxa-y 


CapxCx-yp 


= Ca^xCxfip 


Kxab 


= M aXb 


Kxab 


= 3L Aab 


2M aXb 


= 3AU 


A. bc M aac 


= 3b a pVt a bp 


M cab Kp ac 


= M c/3b K aac 


Ca/3 7 Ky ab 


= K aac Kp bc 



(24) 



Thus jf B becomes a Hamilton operator with the set of equations fl24|).It 
describes the second Poisson structure. For KdV equation one can easily show 
that sum of two Hamilton operators of bi-Hamiltonian structure is also a 
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Hamilton operator because one of the Hamilton operator (J = d x ) trivially 
satisfies Jacobi Identity |IB[ . In our case J^b^^ab satisfies the graded Jacobi 



identity with the condition 

- M a/3b - -(Kp ab + Lpab - N a/3b ) = (25) 

and using our solution (24) this equation becomes 

n abf3 + N a/3b = 2K Pab . (26) 

and furthermore, we obtain 

= ^Lf3 ab (27) 

Thus the Hamilton operators J^ B and J^ B constitute a super Hamiltonian 
pair. We can now rewrite the second operator in terms of L\ ab as 

li ' V L a ^ c d x +2d x ^ c ) Kbdl+iL Xab u x J 

However the equations (24) and (25) provides information about algebra 
related to the evolution equations. In the next section we shall derive the 
corresponding evolution equations that are coupled multicomponent super 
KdV equations. 



3 The multicomponent super KdV systems 

Bi-Hamiltonian formalism suggests the existence of infinitely many conserved 
quantities satisfying the recursion relation 

jf B E B {H k ^) = J2 J$lE B {H k ) (29) 

B B 

where k = 1,2,3, .... These infinitely many conserved quantities provide an 
extension of super KdV hierarchy to multicomponent super KdV hierarchy. 
We now introduce the first two conserved quantities to obtain first member 
of evolution equations as 

H = - j [-S a pu a up + 5 ab £ a £ biX ]dx (30) 
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and 



Hi = - I [—b a f3U a)X Ui3 )X + Ca^UaUpU-y 



2 

—Ka>€a,x€bjcx + 2K aa bU a ^ a ^b,x]dx. (31) 

Then one can easily derive integrable super coupled integrable evolution 
equations, which admit infinitely many conserved quantities due to the re- 
cursion relations (|29|), by using 

dtfa = J2 Jab E b(Hi) = J2 J abE b (H ). (32) 

B B 

In this way we get the new class of integrable multicomponent super KdV 
equations by using the equations (24) and (26) as follows 

U a ,t = bapUp 

,xxx 4" 3C a p^Up tX Ury + K aa b^ a Cb,xx (^3) 
£a,t = Kb£a + Kxab(£bU\,x + 2u X £b,x) (34) 

In the bosonic limit when the fermionic variables vanish the system reduces 
to multicomponent KdV systems, known as degenerate Svinolupov system 
in which b a p is nondiagonalizable 0,0. In this case, 1-component limit 
is the KdV equation. Furthermore if we choose the coefficients b\\ = — 1, 
An = —4, Cm = 2, Km = 3 satisfying the constraint equations (24) and 
variables u\ = u and £i = £ eqs. (33-34) becomes 

u* = -u xxx + Quu x + 3££ xx (35) 
6 = + 6u£ x + 3u x £. (36) 

These are super KdV equations given in references [ 10[] , pTT] . In other words, 
our equations reduce to one of the known 1-component super KdV equations 
which consists of one bosonic and one fermionic variables. 



4 The multicomponent super mKdV systems 

In this section we first introduce a super extension of Miura transformation 
using the notation of previous sections. The multicomponent super Miura 
transformation is 

u a = v a)X + ^CafoVpv^ + K abc e b e c (37) 

= £a,x + ^M a XbVxe b (38) 
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where v(x,t) and e(x,t) are new bosonic and fermionic variables, respec- 
tively. The multicomponent super mKdV equations can be obtained from the 
multicomponent super KdV equations by the multicomponent super Miura 
transformations. This implies that any solution of the multicomponent super 
mKdV equations gives a solution of the multicomponent super KdV equa- 
tions through the multicomponent super Miura transformations. When we 
substitute the transformation (]37D into the eqs. (|33|) we get the multicom- 
ponent super mKdV equations as 

v a,t = ~ v a,xxx + -^Cap^CpXpVxVpV^^ 
o 

~\~~^K arnn £ n ^ x £ m ^ xx (39) 

£a,t = ~^ £ a,xxx — Kp ab (vp^ xx £b + 2V/3 >x Sb tX ) 

+Kp ab C[3\ p (v\V p £ b)X + Vx, x VpS b ) (40) 



by employing the constraints (23) on the coefficients. As in the case of 
multicomponent super KdV equations, the eqs.(39-40)reduces to 

3 3 

vt = d x (2v 3 - v xx + -£E XX + -vee x ) (41) 
e t = -4:€ xxx + (6vv x - 3v xx )e + 6(v 2 - v x )e x (42) 

in the 1-component limit, by taking the coefficients as C m = 2, Km = 3 
and the variables as v\ = v and S\ = e. This is the super extension of the 
mKdV equation given by Kuperschmidt ITU . 



5 Conclusion 

In this work we have found the new class of integrable multicomponent super 
KdV equations. It is shown that they are bi-superHamiltonian. The graded 
Jacobi identity associated to the Poisson structure defined by super Hamil- 



tonian operators is satisfied by imposing constraints (24) on the coefficients 
introduced in the super Hamiltonian operators. These constraints could be 
important to describe the structure associated to our evolution equations. 
It is natural to expect that such relations would also imply the existence of 
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generalized symmetries. Furthermore by introducing a super Miura transfor- 
mation a super extension of multicomponent mKdV equations is obtained. 



This system also possesses the structure described by the constraints (p4|). 
We have shown that our equations are reduced to well known 1-component 
super equations and multicomponent and 1-component bosonic equations. 
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